Abstract. In this paper we consider a quasilinear parabolic equation a (u x ) u t = u xx (a(s) > a Q > 0) subject to appropriate initial and boundary conditions. This equation can be used to describe the uni-directional motion of fluid in soft tissue. A criterion is found to ensure the global solvability or finite time quenching (i.e. u x becomes unbounded in fmite time).
Introduction
In the study of motion of fluid in soft tissue such äs articular cartilage, the deformation of the solid phase plays a significant role. Recently, Holmes [3, 8] et al. based on the mixture theory derived a model equation which can describe the uni-directional motion of fluid in soft tissue. The reader can consult [7] for more physical background of the model. After normalizing physical constants, the equation can be expressed äs follows: A special case, where a(s) = e s , was studied by J. Bell et al. [1] , which is also the original motivation of the present work. An interesting feature for the equation (1.1) is that there is no source appearing in the equation and the quenching is caused solely by the nonlinearity in the leading coefficient of the equation. On the other hand, if we introduce a new variable v(x, t) = u x (x, t), then v satisfies
O (x 9 0) = 0 for 0 < χ < l .
Since g' (t) > 0, there is indeed a nonlinear heat supply through the boundary (cf . [7] ) if one regards v (x, t) äs temperature. The argument used in this paper is based on the maximum principle. Various auxiliary functions are constructed äs lower or upper Solutions of Equation (1.1). A generalization to higher space dimension is also discussed in the present work. The paper will be organized in the following way. Section 2 deals with global solvability. Section 3 is concerned with finite time quenching. In Section 4, the profile near the quenching time will be studied. Various generalizations will be given in Section 5.
Except for Section 5, we shall make the following assumptions.
(Hl) aeC l (-00,00) and a(s)>a 0 >Q for all s.
(H2) geC 1 [0,c»),g(0) = 0 and g'(0>0 fori>0.
Global solvability
We definite the function F(s) äs in Section One will see in Section 3 that in the case of (2.2), quenching may occur if we drop the assumption (2.3).
The existence of a unique classical solution for small time is a Standard proof for such a parabolic equation (cf. [5] for example). Therefore, the global existence will follow if an a priori estimate in C 2+M + 5(g r ) is available. It is clear that the only estimate needed for this System is the L 00 -estimate of u x . Once this estimate is eatablished, one can easily get estimates for higher order derivatives by the theory for parabolic equations.
Proof of Theorem 2.1. We take T> 0. By the maximum principle, we immediate conclude T] . 9 if we take B to be large enough. We now let
On the parabolic boundary, t; (l -<5, t) < 0 < u (i -<5, r), v(x, 0) < 0 = u(x, 0) and
In the interior, t? satisfies
It follows by the comparison principle that v(x, t) < u(x 9 1) and hence i/ x (l, 0 <v x (l,i) = G(F(B)) = B for 0 < t < T. Thus by the maximum principle 0 < u x (x, t) < B for all 0 < χ < l, 0 < t < T. 
Proof. The proof is similar to that of Theorem 2.2. Let T > 0 be fixed and consider the function
By assumption (2.6), there exists ε > 0 such that
It follows that A(0, t; B) is well defined if B is large enough. By assumption (2.6),
provided B is sufficiently large. Since g" (i) < 0 and G'(q) < 0, we have
We now let
Then it is easy to verify that v(x, t) < u(x, t) on the parabolic boundary of (0,1) x (0, T). In the interior, v satisfies Thus the maximum principle implies that 0 < u x (x, t)<B for all 0 < χ < l, 0 < t < T. where 0 < β < l and
Remark. It will be shown in Section 3 that if g (t) > M (t) for some t = / 0 , then quenching will occur at a finite time.
Proof. Take ε 0 > 0 to be small enough. Then there exists T > 0 such that ε 0 T= (l -ε 0 ) -jf 0(ξ)άξ = (l -e 0 ) } 0(ε 0 ξ)άξ .
£ 0 0 0
We now define g (i) = ε 0 1 for 0 < / < Tand define g (t) (t > Γ) s the solution of the following ordinary differential equation (ODE).
Clearly, <p(s) is defined for 0 < s < ε 0 (< G*), φ(0) = oo (since G(0) = oo) and <p'(s)<0. Therefore g'(T+0) = e 0 , g'(f)>0 f°r all r>0 and g' is continuous. Differentiating the equation (2.8), we immediately obtain g"(i) < 0 and thus the condition (2.6) is satisfied.
To show (2.7), we take A = g'(t) in the defmition for M (t) and obtain
Since g" (i) < 0, the limit lim t^" g'(t) = α > 0 exists. If α > 0, then the equation (2.8) implies that linit^^g^) = φ(α), which is a contradiction to the fact g(i) ~ a.t s t -* oo. Hence α = 0, i.e., (2.9) lim g' (i) = 0. 
Then v t (x, t) = A v x (x 9 1) = -h'(x) = G[A(1 -x)] > 0 v^x, 0 = -h"(x) = -AG'IA(1 -x)]

A F'(G(q))
It follows that on r , 
Profile near the quenching time
Let T be the quenching time, that is
A point O 0 , T) is said a quenching point if there exists a sequence (*", t") with t n < T such that (x n , t n ) -> (x 0 , Γ) and w x (x", /") -> oo s « -> oo. Our first result is about the set of quenching points. If the the second conclusion is not true, then there exists a sequence t n | T such that 0 < w x (l, i n ) < C, where the constant C is independent of n. Since M XJC > 0, we obtain 0 < u x (x, t n ) < C. It now follows from the equation (1.1) and the estimate (2.5) that
where the constant C* is independent of n. It follows by a local existence theorem that there is a unique classical solution v for t n < t < t" + (5, which satisfies the equation (1.1) with the boundary conditions (1.2) (1.3) and initial value taken on t = t n s v(x 9 t n ) = u(x 9 t n ). Of course, v x (x, t) is uniforaily bounded. The constant δ depends only on C* and therefore is independent of AI. It is also clear that u(x, t) = v(x, t) for t < T. Since t" t Γ, t n -h δ > Γ, provided n is large enough. This is a contradiction since We shall assume that g(jc, 0 e C 2 *"· 1 +α/2 (5 Γ ) and M O (JC) e C 2+a ( ) with the following consistency conditions on S: 
